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What to expect….
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• No heavy math

• Quick treatment of traditional Bayesian Inference (knowing basics of 
Bayesian inference will help understand the topic more easily)

• Emphasis on intuition over formulae

• Real world inspired examples using anonymized data

• Discussion of the Pros/Cons of two different Bayesian approaches



Protagonists
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Rev. Thomas BayesAndrey Markov Pierre Simon de Laplace

Havard Rue

Metropolis, Hastings, Gelfand, 
Tierney and many more…



Motivation
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Julian Faraway



Just as good (if not a tad better)
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Full textbook seems available online:

Bayesian inference with INLA 
(becarioprecario.bitbucket.io)

https://becarioprecario.bitbucket.io/inla-gitbook/


Agenda
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• Introduction  √

• Brief Review of Bayesian Inference with MCMC

• (Really fast) Bayesian Inference w/ Laplace Approximations

• MCMC vs INLA: with real-world inspired clinical trial datasets
• Continuous, Binary, Survival and Repeated Measures endpoints

• Conclusions and Discussion

MCMC = Markov Chain Monte Carlo
INLA = Integrated Nested Laplace Approximations



Bayesian Inference and MCMC Review



The Bayesian Framework

(Based on Matano. Bayesian Adaptive Designs for Oncology Phase 1 Trials, 2013) 8

Typically, in Bayesian Inference, 
we need to compute the posterior 
and the predictive distributions:

• P (θ | y), i.e., (params | data)
• P (y*| y) i.e., new obs. 

Usually accomplished via 
simulation, which with large 

samples gives us approximately 
exact inferences

Markov Chain Monte Carlo 
(MCMC) methods allow us to 
compute these probabilities



Gibbs sampling: A convenient way to do MCMC
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Gibbs Sampling is an MCMC method that iteratively draws 
an instance from the distribution of each variable, 
conditional on the current values of the other variables

Presenter Notes
Presentation Notes
Sources: Creating animations with MCMC - JK (jankrepl.github.io)
Gibbs Sampling Explained | Seth Billiau | Towards Data Science



How we typically operationalize Bayesian Inference
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Presenter Notes
Presentation Notes
Source: Datacamp.com



If you are able to specify a model and write out the likelihood 
function + priors, you will almost surely be able to MCMC it! 
This assumes, of course, that you have the time to spare.

But for a narrower class of models, there is a much faster 
way to do Bayesian Inference, known as INLA.

So, how useful is this narrower class?

A blazingly fast alternative, for a smaller class of models

11



INLA Basics
(only 4 slides with Greek!)



Usual Bayesian Inference setup

• Consider a simple Bayesian Hierarchical model:
• where y is the observed data
• x are the parameters
• θ are the hyperparameters

• For this Hierarchical model, the objective is usually to compute the posterior 
distributions:

• P(x | y) – mainly
• P(θ | y) – on occasion



What is Approximate Bayesian Inference?

• Consider the simple conditional probability definition:
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Likelihood
Prior
Hyperprior
UGLY

Much more pleasant if Ǝ

• Therefore, for x (parameters) and θ (hyperparameters), we similarly have: 

Presenter Notes
Presentation Notes
Source: A gentle INLA tutorial by Kathryn Morrison
Numerator of P(Theta | y) is expanded using Bayes theorem., P(y) disappears as a constant
 



Laplace Approximation Trick

15

• Taylor’s series expansion formula:

Simple Poisson-Gamma Conjugate model
R: ~20 lines of code

• LA: used to approximate integrals of the form:

• Therefore: 

• Very Gaussian-density-like integrand.

• Any PDF f(x) approximated to a Normal with mean x0 and var -1/f”(x)|(x=x0). Get x0 by solving f’(x0) = 0

INLA works great for approximating the posterior, 
but only for LGMs where params. are a GMRF 

More ugliness?  - No!!! 

• If a global max is x0 (think mode of a pdf) the first 
derivative goes to zero and the approximation 
becomes:

Presenter Notes
Presentation Notes
Source: Wikipedia page for Laplace theorem



So, what is an LGM and a GMRF?  
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LGM GMRF

• This model is an LGM iff we assume that these x
parameters have a joint Gaussian distribution. 

• This can be achieved by putting normal priors on 
each parameter):

• Any LGM is a GMRF if elements of x are conditionally independent.
• Usually, this is an acceptable assumption for our models

• Havard Rue and team proved that if xi,xj are conditionally 
independent, then the ijth element in the precision matrix is zero. 

• Therefore, GMRF implies a very sparse precision matrix
• When paired with a Cholesky decomposition, enables 

extremely fast computations of matrix inverses. 

Presenter Notes
Presentation Notes
Source: A gentle INLA tutorial by Kathryn Morrison
 



Posterior of xj|y: Some computational details
• We can obtain P(all xj | θ, y), using the Laplace approximation trick, but usually the fit is poor 

due to the conditional distribution assumptions being too strong.

• We can alternatively approximate P(xj | X-j,θ, y), i.e., each element in the x vector. Much better 
approximation since P(X-j,| xj, θ, y) are usually close to Gaussian, but takes longer when dim(x) 
is large. 

• Compromise approach: Use up to the 3rd order term in Taylor’s series expansion of both the 
numerator and denominator of              . Good enough approximation and faster compute times. 
Default in R package



Bringing it together: Why is it called INLA?
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• LA = Because it uses Laplace approximations

• N = Nested because the Laplace approximations are nested within one another
• You need to approximate P(x|θ,y) in order to compute P(θ|y)

• I = Integrated, because numerical integration methods are then used compute 
the posterior P(x|y) from P(x|θ,y) obtained in the previous step



R-INLA: A convenient implementation of INLA in R
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https://www.r-inla.org/
To install the INLA-package in R, you have to manually 
add the r-inla repository as they are not on CRAN.

To install the stable/testing version, do one of
install.packages("INLA",repos=c(getOption("repos"),INLA="https://inla.r-inla-download.org/R/stable"), dep=TRUE) 
install.packages("INLA",repos=c(getOption("repos"),INLA="https://inla.r-inla-download.org/R/testing"), dep=TRUE)



MCMC vs. INLA: Clinical Trial Examples



Data Sources

• Inspired by real world clinical datasets, but not wholly adopted from any actual trial

• 1 for each type of endpoint

• Binary
• Continuous
• Repeated Measures
• Time to Event

• Across a variety of therapeutic areas

• Examples here are for larger scale clinical trials, although methodology isn’t constrained as 
such

21



• Setting: Stage 2 Cancer (solid tumor) patients with stratified 
enrollment based on a specific mutation (N~ 350-400)

• Study still blinded, but current hypothesis of interest is 
whether the gene offers a protective effect

• Fitting a CoxPH model with:
• Bsl. Hazards = mix of 4 piecewise constants
• Covariates = # of Prev. Chemo, Gene status
• h(t|h0, 𝜷𝜷) = h0(t) exp(𝜷𝜷1 Mut + 𝜷𝜷2 Chemo)

• Comparing JAGS, INLA and Frequentist approaches

Example 1: Survival Endpoint, CoxPH Model 

22
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Code: RJAGS vs R-INLA
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MCMC: 65 lines of R code (187 secs.)
vs.

INLA: 5 lines (1.1 secs.)



Example 2: Binary Endpoint, Logistic Regression 
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• Setting: Infectious disease study with severe cases

• Survival Status at Day 15 was the primary outcome 
of interest (Analyzed as binary outcome in SAP)

• N = 200 patients approx.

• Fit a Logistic Regression model with:
• TRT, AGE and 3 other biomarkers as 

explanatory variables

• Comparing JAGS, INLA and Frequentist approaches Deviance Residual Plot

Presenter Notes
Presentation Notes
“By default, the intercept of the model is assigned a Gaussian prior with mean and precision equal to 0. The rest of the fixed effects are assigned Gaussian priors with mean equal to 0 and precision equal to 0.001”





Code: RJAGS vs R-INLA
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MCMC: 36 lines of R code (239 secs.) 
vs.

INLA: 6 lines (0.9 secs.)



Example 3: Repeated Measures, Linear Mixed Effects Model
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• Setting: Nephrology Study

• eGFR like variable is the endpoint

• N = ~100 patients, 4 visits per patient

• Fit a Linear Mixed Effects Model with:

• TRT, TIME and a Biomarker as fixed effects
• Random Intercept (only) + Slope for each patient

• Both Bayesian models converged, but the lmer4 Radom 
slopes model had a singular fit due to insufficient DoF.

• Comparing JAGS, INLA and Frequentist approaches for 
random intercept model. Informative Prior for Biomarker.

Model 1:Random Intercept only





Code: RJAGS vs R-INLA
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MCMC: 58 lines of R code (153 secs.) 
vs.

INLA: 5 lines (2.3 secs).



Example 4: Continuous Endpoint, ANCOVA Example
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Adj R2= 0.745

• Setting: Exploratory Biomarker Study in ACS

• A prognostic biomarker (continuous) was chosen 
as the outcome.

• log transformed data for un-skewing 

• N = ~1100 samples. 1 obs. per subject. 

• Fit an ANCOVA with:
• GENDER as factor and BMI, AGE, 

Baseline value as covariates

• Comparing JAGS, INLA and Frequentist 
approaches

• 1 interim analysis with RAR – not in slides

Clearly some heteroscedasticity, 
but wont matter for this exercise





Code: RJAGS vs R-INLA
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MCMC: 38 lines of R code (36 secs.) 
vs.

INLA: 4 lines (1.0 secs.)



Survival2 (CV)
(N=3000+)

>49K*
(13.7 Hours) 27.35

LME2 (Lipid)
(N=7000+)

>250K*
(~3 days) 396.2

Comparison of Compute Times: RJAGS vs. R-INLA
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Example MCMC (sec.) INLA (sec.)

Survival (BC) 187 1.1

Binary (Inf. Disease) 238 0.9

LME (Nephrology) 153 2.7

Continuous (ACS) 36.2 1.0

MCMC: 
50K iterations, 

3 chains

INLA:
Standard R-INLA Simplified 

Laplace Approx.

Would this have contributed 
to some of the time 

differentials?

* “Killed” R processes at 75% and 33% completion, respectively. Total runtime is a projection.



Pros and Cons: INLA vs MCMC
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MCMC INLA

Simulation-based Approximation-based

Slow Fast (extremely)

Works on any model,  
if you can write the likelihood

LGMs only, 
but covers most models that we need

Wide Range of Priors Limited Priors, but seem sufficient (TBC)

Implementation is very transparent, 
even if verbose coding needed

Somewhat obfuscated, 
but easy to learn and code. 

Can obtain joint posterior distributions Marginal distributions only
(Aug 2020 Update: Joint Posteriors in R-INLA)

More software options,
Incumbent advantage in terms of resources

R-INLA only(?); 
Newcomer, limited online forums - but growing

https://inla.r-inla-download.org/r-inla.org/doc/vignettes/jmarginal.pdf


Conclusions
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• INLA is an extremely fast alternative for Bayesian inference for certain classes 
of models. 

• LMs, GLMs, LMEs, GLMMs, GAMs, TTE etc. are all covered

• INLA learning curve is gentler than expected. 

• Black box nature of INLA takes a while to get used to 
• Learn with INLA, confirm with MCMC 

• Extremely useful tool in design optimization stage



Which one would you prefer?
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Personally, will continue to use MCMC as the primary workhorse for final models – for now. 
But will use INLA extensively during model development and tuning.

INLA

MCMC
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Thank you.
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